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Abstract. This paper studies the global robust stability properties of
continuous-time neural networks with time delays. Using the standard
Lyapunov theorems and establishing new relationships between the un-
certain parameters of the interconnection matrices of the neural system,
a novel delay independent sufficient condition for the uniqueness and
global robust asymptotic stability of the equilibrium point is derived.
The obtained condition can be easily verified and expressed in terms
of the network parameters only. A numerical example is also given to
demonstrate the applicability and advantage of the result.
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1 Introduction

In recent years, neural networks have found potential applications in various
signal processing problems such as optimization, image processing and asso-
ciative memory design. In hardware implementation of neural networks, it is
required to introduce the delay parameters into system equations because of
signals transmitted among the neurons. It is known that the delays can affect
the dynamical behavior of the designed neural system. In addition, because of
the tolerances of electronic components employed in the design, there might be
some deviations in the network parameters of the system. On the other hand, the
uniqueness and global asymptotic stability of the equilibrium point of a neural
network plays an important role in the design of neural networks for real-word
applications. Therefore, it is of great importance to study stability properties of
neural networks in the presence of delay parameters and under the parameter
uncertainties. In other words, it is crucial to establish the conditions that ensure
global robust convergence properties of neural networks with time delays. In the
recent literature, many researchers have studied the stability of neural networks
and obtained different sufficient conditions for stability of equilibrium point of
various classes of delayed neural networks [1]-[15].

In this paper, we present a new condition for the uniqueness and global
robust asymptotic stability of neural networks with time delays. We consider
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2 Global Robust Stability of Dynamical Neural Networks with Time Delays

the following neural network model :

dxi(t)
dt

=−cixi(t)+
n∑

j=1

aijfj(xj(t))+
n∑

j=1

bijfj(xj(t−τj))+ui, i = 1, 2, ..., n (1)

where n is the number of the neurons, xi(t) denotes the state of the neuron
i at time t, fi(·) denote activation functions, aij and bij denote the strengths
of connectivity between neurons j and i at time t and t − τj , respectively; τj

represents the time delay required in transmitting a signal from the neuron j to
the neuron i, ui is the constant input and ci is the charging rate for the neuron i.

Neural system (1) can be written as follows

ẋ(t) = −Cx(t) + Af(x(t)) + Bf(x(t− τ)) + u (2)

where x(t) = (x1(t), x2(t), ..., xn(t))T is the state vector, C = diag(c1, c2, ..., cn)
is a positive diagonal matrix, A = (aij)n×n is the interconnection matrix, B =
(bij)n×n is the delayed interconnection matrix, u = (u1, u2, ..., un)T is a con-
stant vector, f(x(t)) = (f1(x1(t)), f2(x2(t)), ..., fn(xn(t)))T and f(x(t − τ)) =
(f1(x1(t− τ1)), f2(x2(t− τ2)), ..., fn(xn(t− τn)))T .

The quantities aij and bij and ci are intervalized as follows :

CI := {C : 0 < C≤C≤C, i.e., 0 < ci≤ci≤ci}
AI := {A : A≤A≤A, i.e., aij≤aij≤aij} (3)

BI := {B : B≤B≤B, i.e., bij≤bij≤bij}
The functions fi are assumed to satisfy the following condition

0≤fi(x)− fi(y)
x− y

≤µi, i = 1, 2, ..., n, ∀x, y ∈ R, x 6=y

where the µi are some positive constants. This class of functions will be denoted
by f ∈ K;

We will make use of the following lemmas that play an important role in deter-
mining our main results.

Lemma 1[12] : If A ∈ AI := {A : A≤A≤A}, then, for any positive diagonal
matrix P, the following inequality holds :

PA + AT P≤PA∗ + A∗T P + ||PA∗ + AT
∗ P ||2I

where A∗ = 1
2 (A + A), A∗ = 1

2 (A−A).

Lemma 2[11] : If B ∈ BI := {B : B≤B≤B}, then, the following inequality
holds

||B||22≤||B∗||22 + ||B∗||22 + 2||BT
∗ |B∗|||2

where B∗ = 1
2 (B + B), B∗ = 1

2 (B −B).
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Global Robust Convergent Dynamics of Neural Networks with Time Delays 3

2 Robust Stability Analysis

This section presents a new sufficient condition for the uniqueness and global
robust stability of the equilibrium point for system (1). In order to prove the
stability of the equilibrium point x∗ of system (1), we will first simplify (1). Let
zi(·) = xi(·)− x∗i , i = 1, 2, ..., n. Then, the zi(·) are governed by

żi(t) = −cizi(t) +
n∑

j=1

aijgj(zj(t)) +
n∑

j=1

bijgj(zj(t− τj)), i = 1, 2, ..., n

or

ż(t) = −Cz(t) + Ag(z(t)) + Bg(z(t− τ)) (4)

where z(t) = (z1(t), z2(t), ..., zn(t))T , g(z(·)) = (g1(z1(·)), g2(z2(·)), ..., gn(zn(·)))T

and with gi(zi(·)) = fi(zi(·)+x∗i )−fi(x∗i ), i = 1, 2, ..., n. It can be verified that
the functions gi satisfy the assumptions on fi i.e., g ∈ K with the property that
gi(0) = 0, i = 1, 2, ..., n. It is thus sufficient to prove the stability of the origin of
the transformed system (4) instead of considering the stability of x∗ of (1). We
now obtain the following result :

Theorem 1 : Let f ∈ K. Then, the neural network model (1) with (3) has
a unique and globally asymptotically robust stable equilibrium point, if there
exists a positive diagonal matrix P = diag(p1, p2, ..., pn) such that

Ω = 2PCΛ−1 − PA∗ −A∗T P − ||PA∗ + AT
∗ P ||2I

−2||P ||2
√

(||B∗||22 + ||B∗||22 + 2||BT∗ |B∗|||2)I > 0

where Λ = diag(µ1, µ1, ..., µn), A∗ = 1
2 (A+A), A∗ = 1

2 (A−A), B∗ = 1
2 (B +B),

B∗ = 1
2 (B −B).

Proof: In order to show that the neural network model (1) has a unique equi-
librium point, it would be sufficient to prove that the origin of system (4) is the
unique equilibrium point of (4). To this end, consider the following map for (4)

H(z) = −Cz + Ag(z) + Bg(z) (5)

If z = 0, then H(z) = 0. If z 6= 0 and g(z) = 0, then H(z) 6= 0 as C is a
positive diagonal matrix. Consider the case where z 6= 0 and g(z) 6= 0. Let P be
a positive diagonal matrix. Multiplying both sides of (5) by 2gT (z)P results in

2gT (z)PH(z)= − 2gT (z)PCz + 2gT (z)PAg(z)+ 2gT (z)PBg(z)
= − 2gT (z)PCz + gT (z)(PA + AT P )g(z)+ 2gT (z)PBg(z)

From Lemma 1, we know that

PA + AT P≤PA∗ + A∗T P + ||PA∗ + AT
∗ P ||2I
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4 Global Robust Stability of Dynamical Neural Networks with Time Delays

Hence, we obtain

gT (z)(PA + AT P )g(z) ≤ gT (z)(PA∗ + A∗T P + ||PA∗ + AT
∗ P ||2I)g(z) (6)

One can write

2gT (z)PBg(z) ≤ 2||P ||2||B||2||g(z)||22
Lemma 2 implies

||B||22≤||B∗||22 + ||B∗||22 + 2||BT
∗ |B∗|||2

leading to

2gT (z)PBg(z) ≤ 2||P ||2
√

(||B∗||22 + ||B∗||22 + 2||BT∗ |B∗|||2)||g(z)||22 (7)

We also note that

−2gT (z)PCz = −2
n∑

i=1

picigi(zi)zi≤− 2gT (z)PCΛ−1g(z) (8)

Using (6)-(8) in (5) yields :

2gT (z)PH(z) ≤ −gT (z)(2PCΛ−1 − PA∗ −A∗T P )g(z)
−gT (z)(||PA∗ + AT

∗ P ||2I)g(z)

−2||P ||2
√

(||B∗||22 + ||B∗||22 + 2||BT∗ |B∗|||2)||g(z)||22
=− gT (z)Ωg(z)

If Ω > 0, then for g(z) 6= 0, we get 2gT (z)PH(z) < 0. Hence, it follows that
H(z) 6= 0 for all g(z) 6= 0. Since g(z) 6= 0 implies z 6= 0, it follows that H(z) 6= 0
for all z 6= 0 and H(z) = 0 if and only if z = 0. Since H(z) = 0 is the solution
of the equilibrium equation of system (4), it can be directly concluded that the
origin of system (4) is the unique equilibrium point, or equivalently, the system
(1) has a unique equilibrium point for every constant input u.
We will now show that Ω > 0 also implies the global asymptotic stability of the
origin of (4). Define the following positive definite Lyapunov functional :

V (z(t)) = zT (t)z(t) + 2α
n∑

i=1

∫ zi(t)

0

pigi(s)ds + (αγ + β)
n∑

i=1

∫ t

t−τi

g2
i (zi(ζ))dζ

where the pi, α, β and γ are some positive constants to be determined later. The
time derivative of the functional along the trajectories of system (4) is

V̇ (z(t)) = −2zT (t)Cz(t) + 2zT (t)Ag(z(t)) + 2zT (t)Bg(z(t− τ))
−2αgT (z(t))PCz(t) + 2αgT (z(t))PAg(z(t))
+2αgT (z(t))PBg(z(t− τ)) + αγ||g(z(t))||22 − αγ||g(z(t− τ))||22
+β||g(z(t))||22 − β||g(z(t− τ))||22 (9)
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Global Robust Convergent Dynamics of Neural Networks with Time Delays 5

We can write

−zT (t)Cz(t) + 2zT (t)Ag(z(t)) ≤ gT (z(t))AT C−1Ag(z(t))
≤ ||A||22||C−1||2||g(z(t))||22 (10)

−zT (t)Cz(t) + 2zT (t)Bg(z(t− τ)) ≤ gT (z(t− τ))BT C−1Bg(z(t− τ))
≤ ||B||22||C−1||2||g(z(t− τ))||22 (11)

||B||22≤||B∗||22 + ||B∗||22 + 2||BT
∗ |B∗|||2 and ||A||22≤||A∗||22 + ||A∗||22 + 2||AT

∗ |A∗|||2
(Lemma 2). Hence, (10) and (11) can be respectively written as

−zT (t)Cz(t) + 2zT (t)Ag(z(t)) ≤
(||A∗||22 + ||A∗||22 + 2||AT

∗ |A∗|||2)||C−1||2||g(z(t))||22 (12)

−zT (t)Cz(t) + 2zT (t)Bg(z(t− τ)) ≤
(||B∗||22 + ||B∗||22 + 2||BT

∗ |B∗|||2)||C−1||2||g(z(t− τ))||22 (13)

We also note the following inequalities :

2αgT (z(t))PBg(z(t− τ))

≤ 2α||P ||2||B||2||g(z(t))||2||g(z(t− τ))||2
≤ α||P ||2||B||2(||g(z(t))||22 + ||g(z(t− τ))||22)
≤ α||P ||2

√
(||B∗||22 + ||B∗||22 + 2||BT∗ |B∗|||2)||g(z(t− τ))||22

+α||P ||2
√

(||B∗||22 + ||B∗||22 + 2||BT∗ |B∗|||2)||g(z(t))||22 (14)

2αgT (z(t))PAg(z(t)) = αgT (z(t))(PA + AT P )g(z(t))

≤ αgT (z(t))(PA∗ + A∗T P )g(z(t))
+αgT (z(t))||PA∗ + AT

∗ P ||2g(z(t)) (15)

−2αgT (z(t))PCz(t) ≤ −2αgT (z(t))PCΛ−1g(z(t)) (16)

Using (12)-(16) in (9) yields :

V̇ (z(t)) ≤ (||A∗||22 + ||A∗||22 + 2||AT
∗ |A∗|||2)||C−1||2||g(z(t))||22

+(||B∗||22 + ||B∗||22 + 2||BT
∗ |B∗|||2)||C−1||2||g(z(t− τ))||22

−2αgT (z(t))PCΛ−1g(z(t))

+αgT (z(t))(PA∗ + A∗T P + ||PA∗ + AT
∗ P ||2)g(z(t))

+α||P ||2
√

(||B∗||22 + ||B∗||22 + 2||BT∗ |B∗|||2)||g(z(t))||22
+α||P ||2

√
(||B∗||22 + ||B∗||22 + 2||BT∗ |B∗|||2)||g(z(t− τ))||22

+αγ||g(z(t))||22 − αγ||g(z(t− τ))||22 + β||g(z(t))||22 − β||g(z(t− τ))||22
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6 Global Robust Stability of Dynamical Neural Networks with Time Delays

Let β = (||B∗||22 + ||B∗||22 + 2||BT
∗ |B∗|||2) ||C−1||2,

γ = ||P ||2
√

(||B∗||22 + ||B∗||22 + 2||BT∗ |B∗|||2)
and βA = (||A∗||22 + ||A∗||22 + 2||AT

∗ |A∗|||2)||C−1||2. Then, V̇ (z(t)) is as follows

V̇ (z(t)) ≤ (βA + β)||g(z(t))||22 − 2αgT (z(t))PCΛ−1g(z(t))

+ αgT (z(t))(PA∗ + A∗T P + ||PA∗ + AT
∗ P ||2)g(z(t))

+ 2α||P ||2
√

(||B∗||22 + ||B∗||22 + 2||BT∗ |B∗|||2)||g(z(t))||22
implying that

V̇ (z(t)) ≤ (βA + β)||g(z(t))||22 − αgT (z(t))Ωg(z(t))
≤ (βA + β)||g(z(t))||22 − αλm(Ω)||g(z(t))||22

The choice α > βA+β
λm(Ω) ensures that V̇ (z(t)) is negative definite for all g(z(t)) 6= 0.

(Note that g(z(t)) 6= 0 implies that z(t) 6= 0). If g(z(t)) = 0 and z(t) 6= 0, then
V̇ (z(t)) is of the form :

V̇ (z(t)) = −2zT (t)Cz(t) + 2zT (t)Bg(z(t− τ))− βgT (z(t− τ))g(z(t− τ))
−αγgT (z(t− τ))g(z(t− τ))

≤ −2zT (t)Cz(t) + 2zT (t)Bg(z(t− τ))− β||g(z(t− τ))||22
For β = (||B∗||22 + ||B∗||22 + 2||BT

∗ |B∗|||2)||C−1||2, (14) implies that

−zT (t)Cz(t) + 2zT (t)Bg(z(t− τ))− β||g(z(t− τ))||22 ≤ 0

In this case, V̇ (z(t)) ≤ −zT (t)Cz(t). It follows that V̇ (z(t)) < 0 for all z(t) 6= 0
with g(z(t)) = 0. Now, let g(z(t)) = 0 and z(t) = 0. This case implies that

V̇ (z(t)) = −βgT (z(t− τ))g(z(t− τ))− αγgT (z(t− τ))g(z(t− τ))

Obviously, V̇ (z(t)) is negative definite for all g(z(t − τ)) 6= 0. Hence, it follows
that V̇ (z(t)) = 0 if and only if z(t) = g(z(t)) = g(z(t − τ)) = 0, otherwise
V̇ (z(t)) < 0. Moreover, V (z(t)) is radially unbounded since V (z(t)) → ∞ as
||z(t)|| → ∞. Thus, it can be concluded that the origin of system (4) is globally
asymptotically stable. Global robust stability of system (1) has been studied in
[13]-[15] where the following results have been derived :

Theorem 2 [13] : Let f ∈ K. Then, the neural network model (1) is globally
asymptotically robust stable, if there exists a positive diagonal matrix P =
diag(p1, p2, ..., pn) such that

Υ = 2PCΛ−1 + S − 2||P ||2(||B∗||2 + ||B∗||2)I > 0

where Λ = diag (µ1, µ1 , ... µn), S = (sij)n×n with sii = − 2piaii,
sij = −max(|piaij + pjaji|, |piaij + pjaji|) for i 6= j, B∗ = 1

2 (B + B), and
B∗ = 1

2 (B −B) .
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Let β = (||B∗||22 + ||B∗||22 + 2||BT
∗ |B∗|||2) ||C−1||2,

γ = ||P ||2
√

(||B∗||22 + ||B∗||22 + 2||BT∗ |B∗|||2)
and βA = (||A∗||22 + ||A∗||22 + 2||AT

∗ |A∗|||2)||C−1||2. Then, V̇ (z(t)) is as follows

V̇ (z(t)) ≤ (βA + β)||g(z(t))||22 − 2αgT (z(t))PCΛ−1g(z(t))

+ αgT (z(t))(PA∗ + A∗T P + ||PA∗ + AT
∗ P ||2)g(z(t))

+ 2α||P ||2
√

(||B∗||22 + ||B∗||22 + 2||BT∗ |B∗|||2)||g(z(t))||22
implying that

V̇ (z(t)) ≤ (βA + β)||g(z(t))||22 − αgT (z(t))Ωg(z(t))
≤ (βA + β)||g(z(t))||22 − αλm(Ω)||g(z(t))||22

The choice α > βA+β
λm(Ω) ensures that V̇ (z(t)) is negative definite for all g(z(t)) 6= 0.

(Note that g(z(t)) 6= 0 implies that z(t) 6= 0). If g(z(t)) = 0 and z(t) 6= 0, then
V̇ (z(t)) is of the form :

V̇ (z(t)) = −2zT (t)Cz(t) + 2zT (t)Bg(z(t− τ))− βgT (z(t− τ))g(z(t− τ))
−αγgT (z(t− τ))g(z(t− τ))

≤ −2zT (t)Cz(t) + 2zT (t)Bg(z(t− τ))− β||g(z(t− τ))||22
For β = (||B∗||22 + ||B∗||22 + 2||BT

∗ |B∗|||2)||C−1||2, (14) implies that

−zT (t)Cz(t) + 2zT (t)Bg(z(t− τ))− β||g(z(t− τ))||22 ≤ 0

In this case, V̇ (z(t)) ≤ −zT (t)Cz(t). It follows that V̇ (z(t)) < 0 for all z(t) 6= 0
with g(z(t)) = 0. Now, let g(z(t)) = 0 and z(t) = 0. This case implies that

V̇ (z(t)) = −βgT (z(t− τ))g(z(t− τ))− αγgT (z(t− τ))g(z(t− τ))

Obviously, V̇ (z(t)) is negative definite for all g(z(t − τ)) 6= 0. Hence, it follows
that V̇ (z(t)) = 0 if and only if z(t) = g(z(t)) = g(z(t − τ)) = 0, otherwise
V̇ (z(t)) < 0. Moreover, V (z(t)) is radially unbounded since V (z(t)) → ∞ as
||z(t)|| → ∞. Thus, it can be concluded that the origin of system (4) is globally
asymptotically stable. Global robust stability of system (1) has been studied in
[13]-[15] where the following results have been derived :

Theorem 2 [13] : Let f ∈ K. Then, the neural network model (1) is globally
asymptotically robust stable, if there exists a positive diagonal matrix P =
diag(p1, p2, ..., pn) such that

Υ = 2PCΛ−1 + S − 2||P ||2(||B∗||2 + ||B∗||2)I > 0

where Λ = diag (µ1, µ1 , ... µn), S = (sij)n×n with sii = − 2piaii,
sij = −max(|piaij + pjaji|, |piaij + pjaji|) for i 6= j, B∗ = 1

2 (B + B), and
B∗ = 1

2 (B −B) .
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3 Conclusions

We have presented an easily verifiable delay-independent sufficient condition for
the global robust stability of a class of delayed neural networks with respect
to unbounded and slope-bounded activation functions. The obtained result has
established a relationship between the network parameters of neural network
model independently of the delay parameters.
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